A potential energy function is proposed which exhibits a quartic dependence on (r -re), where re is the equilibrium interparticle distance, in th e neighbourhood of re, and has a finite binding energy. To study th e p a tte rn of the eigenvalues, the W K B J method is applied to the third order, and th e relevant integrals are evaluated analytically. Results are shown graphically for a few sets of param eters. The num ber of vibrational states th a t the potential can support is determined for a range of values o f th e param eters. Some suggestions as to the possible applica tions of the proposed potential are also made.
Introduction
In nature, there are four types o f forces acting:
1. The gravitational interactions.
The electromagnetic interactions. 3. The strong nuclear interactions. 4. The weak interactions.
While the exact analytical forms for the potential in the first two cases are known, this is not the case for the last two.
The basic potential governing all electromagnetic interactions is the Coulomb potential. However, when we impose the rules of quantum mechanics on it, we get various secondary effective potentials, the shape of many of which, if there is a bound state, is of the type as the broken-line curve shown in Figure 1 . The effective potentials between two atoms or between two molecules are often of this type [1, 2] . The effective potential experienced by a valence electron in an atom can also be represented by such a shape. The leading term in such inter actions is usually of a harmonic oscillator type,
If one is considering two particles, x = r -re , where re is the equilibrium interparticle distance. The harmonic oscillator potential is encountered in many areas of physics. Another potential that occurs in certain areas of physics, is the quartic potential F(z) = a x 4 . 
where v is an integer. The potentials (1) and (2) represent an idealized situation, the two particles interacting via either of these remain bound for all finite values of the energy. In actual physical systems, however, the two particles will dissociate beyond a certain energy. A good number of potentials are available [1, 2] which exhibit this property, and for small r/re values of x, show the harmonic oscillator type of dependence on x.
In this paper we suggest an interesting poten tial which, for small values of x, shows a quartic dependence of the form (2), and has a finite bin ding energy. We investigate the energy eigenvalues for this potential by the third-order W KBJ approxi mation and also determine the number of vibratio nal levels that it can support. Some suggestions as to its possible applications are also made.
A New Potential
The proposed potential is as follows:
where D is the well depth, and re is the equilibrium interparticle distance; m is a constant, which, for convenience, may be taken to be an integer. The potential ( (5) is not solvable analytically. However, we have found it possible to evaluate analytically the relevant integrals up to the third-order in the W KBJ approximation, and thus have been able to calculate the energy eigenvalues.
Application of the Third-Order WKBJ Approximation
In the W K BJ method, the quantization condition to the third-order in %2 can be expressed [21] as
Here the domain of x is the complex plane cut along the real axis between the classical turning points and the integration is carried along a contour c enclosing the classical turning points but no other singularities of the integrands, and not crossing the cut.
Whereas integration of the first-order term does not present much difficulty, evaluation of higherorder terms in (6) is difficult because the integrands have nonintegrable singularities at the classical turning points. However, Krieger et al. [20] have transformed the second and third-order terms, by repeated integrations by parts, to simple expres sions, and (6) may be rewritten as
The integrands in (7) are now free of nonintegrable and setting singularities and we evaluate the integrals by taking twice the integrand and integrating along the real axis from one turning point to another. Thus
where r\ and r2 are, respectively, the smaller and larger positive roots of E -V (r) = 0. Let us rewrite (8) as
where I\, 12, and 1 3 are respectively the first, second and the third terms of the right hand side of (8) each multiplied by j/2^/Ä. Thus
On substituting (re/r)m = 1 -f co , ; C00 '
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Finally, we evaluate / 3 . The substitution (9) gives 
Results
The spacing of the energy levels depends on the form of the potential, and it is of obvious interest to study the pattern of the eigenvalues exhibited by the potential (5). We have considered two values for m, namely, 2 and 4, and three values for rj, namely, 50, 25 and 15. The energy eigenvalues were calculated by solving (9). We shall find it convenient to depict the pattern of the spacing of the energy levels in reduced units. We define a ratio Rn by Figures 2 and 3 show Rn as a function of the quantum number n for m -2 and 4, respectively. To provide a frame of reference for the results shown in these two figures, we note that the quartic potential (2) is intermediate between the square law potential of the simple harmonic oscillator and the square well potential of the particle in a one-dimensional box with infinitely high w alls; in the former case, En is proportional to (n + ^), and in the latter, to n2. Thus Rn -1 for the square law potential, and R n -2n-1 for the square well potential. Figs. 2 and 3 that in all cases, Rn at first increases with n, reaches a maximum, and then decreases. For the simple quartic oscillator (2), Rn monotonically increases with n. For a fixed value of m, the position of the maximum is seen to vary regularly with rj. The dependence of Rn on m can be examined by comparing the corresponding curves in Figs. 2 and 3 ; it is seen that the greater the value of m, the earlier (in terms of the quantum number) is the position of the maximum, and more rapid the decline.
It will be noticed in
It will be noticed from the expressions for I\, 12, and 13 that each succeeding term in the W KBJ approximation differs in order from the previous one by a factor l/t]2. Thus we can anticipate that the accuracy of the eigenvalues, as obtained from these expressions, will diminish when very small values of rj are involved.
It is well known that the W K BJ approximation improves as n increases. However, there is no exact method available to determine the accuracy of the eigenvalues obtained from the W KBJ method. Krieger et al. [20] fS 50. We may add a remark concerning a suitable term to describe the type of potential that we have introduced. In analogy with the term anharmonic, we feel that the potential (5) may appropriately be described as an cinquartic potential.
Possible Applications
Finally, we consider some possible applications of the proposed potential.
1. For some of the ring compounds, the ringpuckering vibrational energy levels can be described very well by a simple quartic potential [7] for low values of the quantum number. It is possible that at high quantum numbers, departures from the simple quartic potential might occur. In such a situation it is likely that the potential (5) would be found to be useful.
2. For m = 1, at large values of r, the potential (5) behaves as -1 /r. This suggests the possibility of its being of use to represent the effective potential experienced by a valence electron in an atom.
3. It is generally accepted that the nuclear forces must have a property, similar to that of the chemical valence forces, that brings about "satura tion". This type of force can be achieved in the simplest way by assuming a force which is strongly repulsive at short distances and attractive at a suitable range of distances. In most of the attem pts to describe the nucleon-nucleon interaction [23] [24] [25] [26] , a repulsive core having a radius of about 0.45 X 10-13 cm has been assumed. The potential (5) satisfies the necessary requisites for the nucleonnucleon interaction, in that it is similar to the interatomic potential, and in addition has a "hard" core. It has a certain amount of aesthetic beauty in that the "hard" core is obtained without intro ducing a discontinuous cut-off, as is the case with several of the prevalent internucleon potentials [2 3 -2 6 ],
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